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The problem of diﬀraction of waves due to plane harmonic SH-waves incident normally on a line crack situated in an
inﬁnite micropolar elastic medium has been considered. The solution of the problem is obtained for both low and high
frequencies for small coupling parameter. The stress-intensity factors in micropolar elastic medium have been derived.
The stress-intensity factor for such problem in an elastic medium can be deduced from results obtained in this paper. It
is also found that the eﬀect of micropolarity in the propagation of waves is more signiﬁcant in high frequencies than
low frequencies.
 2006 Elsevier Ltd. All rights reserved.
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In classical theory of elasticity the micro-structure of a material is not taken under consideration for study-
ing the mechanical behaviour of the material due to external stimuli. But discrepancies are observed in clas-
sical theory and experimental results while studying the stress concentration in the neighbourhood of the holes
and cracks, specially in the material containing laminates, granules, ﬁbres. The discrepancies indicate that
material response to external stimuli depends on the motions of inner-structures and so the study of micropo-
lar elastic medium is necessary.
Eringen and Suhubi (1964a,b) have developed micropolar theory of elasticity. Many problems of waves and
vibrations of micropolar elasticity have been discussed by many authors. Smith (1967) studied the problem of
wave propagation in micropolar elastic solid. Parﬁtt and Eringen (1969) studied the reﬂection of plane waves
from the stress-free ﬂat boundary of a micropolar elastic half space. Khan and Dhaliwal (1977) obtained the
general soluation of equilibrium equation for a micropolar elastic half space with stress-free boundary condi-
tion. Atkinson and Leppington (1977) studied the eﬀect of couple stresses on the tip of a crack. Eringen (1999)0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.11.010
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Midya (2004) studied the propagation of Love waves in micropolar elastic media for small coupling param-
eter. Paul and Sridharan (1980) studied the disturbance due to penny-shaped crack subjected to uniform con-
stant tension in a homogeneous micropolar elastic medium. Recently Yavari et al. (2002) investigated the
problem of fractal cracks in micropolar elastic solids. But the diﬀraction of waves from line and penny shaped
crack in micropolar elastic medium have not yet been studied either in low or in high frequency domain. In
this paper the problem of diﬀraction of SH-waves incident normally on a line crack in micropolar elastic medi-
um has been studied in both low and high frequency domain. However the soluations in both cases have been
obtained assuming the value of the coupling parameter of the medium is small. It should be mentioned here
the coupling parameter is less than unity for micropolar elastic medium (Eringen, 1999, pp. 163–166).
The present problem of diﬀraction of normally incident SH-waves in an inﬁnite micropolar elastic medium
reduces to the problem of solving one pair of dual integral equations involving two unknown functions. Thus
the problem is similar to diﬀraction problem of elastic waves of classical elasticity but with the diﬀerence that
instead of dual integral equations involving an unknown function, in micropolar medium, one has to solve a
pair of dual integral equations involving two unknown functions. These equations are then reduced to two
integro-diﬀerential equations which are solved by iterative procedure.2. Formulation of the problem
In rectangular Cartesian co-ordinates, let a two-dimensional line crack occupy the region (Fig. 1)jxj < 1; z ¼ 0
Let a plane harmonic SH- wave originating at z = 1 be incident normally on the crack face.
We wish to investigate the diﬀraction ﬁeld in presence of the line crack. Assuming plane-strain, following
Eringen and Suhubi (1964a,b), the equations of motion for micropolar elastic medium in absence of body
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ð1Þwhere (0,V, 0) and (W1,0,W3) are the displacement and micro-rotation vector components along the co-ordi-
nate axes and k, l, k, a, b, c are material constants, q is the density, j is the micro-inertia of the medium.
The solution of this type of diﬀraction problem is reduced to the problem of ﬁnding the solution of Eq. (1)
in the half plane zP 0 subjected to mixed boundary conditions. The proper boundary conditions of the scat-
tered ﬁeld for the proposed problem areIncident ray
x
z
Fig. 1. Cracked plane.
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W ðsÞ3 ¼ 0 on z ¼ 0; jxj > 1 ð3Þ
mzx ¼ 0 on z ¼ 0; 8x; y ð4Þ
sðiÞzy þ sðsÞzy ¼ 0 on z ¼ 0; jxj < 1 ð5Þ
mðiÞzz þ mðsÞzz ¼ 0 on z ¼ 0; jxj < 1 ð6Þwhere superscripts i and s represent incident and scattered ﬁeld.
3. Solution of the problem
To solve this problem we introduce potentials /, w deﬁned asW 1 ¼ o/ox þ
ow
oz
W 3 ¼ o/oz 
ow
ox
ð7ÞAssuming harmonic time variation as/ðx; y; z; tÞ;wðx; y; z; tÞ; V ðx; y; z; tÞ ¼ ½/ðx; zÞ;wðx; zÞ; V ðx; zÞ expðixtÞ ð8Þ
and substituting (8) in (1) and after some mathematical manipulation we note that / and w, V satisﬁesðr2 þ k21Þ/ ¼0 ð9Þ














x2 c22 þ c24




































therefore this wave speed depends on x0 and x. And c2, c4 are related to wave speed of transverse displace-
ment and transverse micro-rotation and these waves speed depends on c3.
The coupling parameter k=2ðlþ kÞ is less then unity as stated earlier. Hence the values of k2 and k3, for





























x2  2x20  k22c24
expfiðk2z xtÞg ð14Þ
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Using the solutions of (9) and (10) and utilizing the boundary condition (4) the displacement, micro-rota-
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einxdn ð18Þwherea ¼ x2  x20  k23c24; b ¼ x2  x20  k22c24
































; p0 ¼ klþk
9>>>=
>>>>;
ð19ÞIt should be mentioned that for small k, Q1, Q2, Q3, Q4, Q5 are small and tend to zero as k! 0.
Utilizing the boundary conditions (2) and (3), we getZ 1
1
R1ðnÞeinx dn ¼ 0; jxj > 1 ð20ÞZ 1
1
R2ðnÞeinx dn ¼ 0; jxj > 1 ð21Þand from the boundary conditions (5) and (6), we getLt
z!0þ





einxR1ðnÞdnþ Q3 D2x þ K23











einxR1ðnÞdnþ Q4Dx D2x þ K22





Q5DxDx D2x þ K23





Dx ðQ4  Q5ÞD2x þ
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¼ P 0; jxj < 1 ð22Þ









einxR1ðnÞdn k22Dx D2x þ K23

















einxR1ðnÞdn aD2x D2x þ K22





bD2x D2x þ K23










 ða bÞD2x þ









¼ 0; jxj < 1 ð23Þsince mðiÞzz
 
z¼0 ¼ 0





, and P 0 ¼ ik2pA 1þ p0x
2
0
x2  2x20  k22c24
" #
To solve the equations, let us setZ 1
1
RnðnÞeinx dn ¼
fnðxÞ; jxj < 1
0; jxj > 1





fnðsÞeins ds; n ¼ 1; 2 ð25ÞHence Eqs. (20) and (21) are identically satisﬁed and other two equations reduce toip
2
ð1 Q2Þ D2x þ k22
  Z 1
1
H ð1Þ0 k2jx sjf gf1ðsÞdsþ Q3 D2x þ k23
  Z 1
1





H ð1Þ0 k1jx sjf gf1ðsÞds Q4Dx D2x þ k22
  Z 1
1





H ð1Þo k3jx sjf gf2ðsÞdsþ Dx ðQ4  Q5ÞD2x 
c














  Z 1
1
H ð1Þ0 k2jx sjf gf1ðsÞds k22Dx D2x þ k23
  Z 1
1
H ð1Þ0 k3jx sjf gf1ðsÞds











H ð1Þ0 k1jx sjf gf1ðsÞds
 aD2x D2x þ k22
  Z 1
1
H ð1Þ0 k2jx sjf gf2ðsÞdsþ bD2x D2x þ k23
  Z 1
1












 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dn ð28Þand as H ð1Þ0 fkmjx sjg has a singularity at s = x, therefore we use asterisk over the usual integral sign because
the integrals are now to be treated as Cauchy Principal Integral.
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For Low frequency approximation we expand H ð1Þ0 fkjx sjg in ascending powers of x asip
2









ð11 þ 21 þ 31 þ    þ m1Þ ð29ÞwherepðkmÞ ¼ C0  log km; C0 ¼ ip
2
 cþ log 2; and c ¼ Euler’s constant ð30ÞSubstituting (29) in (26) and (27) and expanding J0{km jx-sj} in series, we note that Eqs. (26) and (27) can be
reduced to integral equations of Carleman’s type (Tricomi, 1957), but these equations can not be solved by the
usual method of solving this type of integral equation due to the terms like ðD2x þ k2mÞ outside the integral sign.
















>; ð31Þand construct an iterative procedure to obtain the solution of Eqs. (26) and (27) since
R 1










ds are polynomials in x. Using the results of these integrals, we getZ 1
1






H ð1Þ0 fkmjx sjgf2ðsÞds ¼
X1
n¼0
BnðkmÞxnþ1 ð33Þwhere An(km), Bn(km) are functions of km and are given in Appendix A. Substituting these values in (26) and
(27) and performing the necessary diﬀerentiation and equating the coeﬃcients of xn(n = 0,1,2,. . .) and retain-
ing terms up to the order k4, it is noticed that a2n+1 = b2n+1 = 0, andð1 Q2Þ½k22A2mðk2Þ þ ð2mþ 2Þð2mþ 1ÞA2mþ2ðk2Þ þ Q3½k23A2mðk3Þ þ ð2mþ 2Þð2mþ 1ÞA2mþ2ðk3Þ
 Q1½ð2mþ 2Þð2mþ 1ÞA2mþ2ðk1Þ þ Q4½k22ð2mþ 1ÞB2mðk2Þ þ ð2mþ 3Þð2mþ 2Þð2mþ 1ÞB2mþ2ðk2Þ




0ð2mþ 1ÞB2mðk1Þ þ ð2mþ 3Þð2mþ 2Þð2mþ 1ÞðQ4  Q5ÞB2mþ2ðk1Þ
	 
¼ P 0; for m ¼ 0
0; for m 6¼ 0

ð34Þ
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þð2mþ 4Þð2mþ 3Þð2mþ 2ÞA2mþ4ðk1Þ

 a½k22ð2mþ 3Þð2mþ 2ÞB2mþ2ðk2Þ
þ ð2mþ 5Þð2mþ 4Þð2mþ 3Þð2mþ 2ÞB2mþ4ðk2Þ þ b½k23ð2mþ 3Þð2mþ 2ÞB2mþ2ðk3Þ





þ cbþc ðak22  bk23Þ þ ða bÞ aþbþcbþc k21
n o
ð2mþ 3Þð2mþ 2ÞB2mþ2ðk1Þ
þ ½ða bÞð2mþ 5Þð2mþ 4Þð2mþ 3Þð2mþ 2ÞB2mþ4ðk1Þ ¼ 0; m ¼ 0; 1; 2 . . . : ð35ÞAs Q0msðm ¼ 1; 2; 3; 4; 5Þ are small order quantities and tend to zero as coupling parameter k2ðlþkÞ tends to zero,
therefore Eqs. (34) and (35) can be solved by standard iterative procedure. Solving these equations by iterative
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4b bk23  ðaþ bþ cÞk21
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48











































ð37Þwhere M(km) = log2 + p(km), p(km) is deﬁned in (30) (m = 1,2,3)













































þterm regular at x ¼ 1
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p þ term regular at x ¼ 1

þ oðk4; k6mÞ ð40Þwhere we have used the results of Vladimirov (1979).






 ¼ lþ k2p ðpa0 þ pa2 þ pa4 þ . . . :Þ

 ¼ P 0 lþ k2p ðNc1 þ Np1Þ

 ð41ÞNc1 and N
p
1 correspond to classical elastic part and micro polar elastic part of stess-intensity factors, respective-
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 ¼ Np2where








ðaþ bþ cÞð2aþ bþ cÞk21
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ð2aþ bþ cÞk21  ðb cÞk23






ð2aþ bþ cÞk21  ðb cÞk23
 þ oðk4; k6mÞ
 ð44Þwhere e = ip  2c + 4log2 + 1





ðl=qÞ ð45ÞFig. 2. (a) Amp. ð 2pN1ðlþjÞPoÞ is plotted against k
0
2 for diﬀerent e. (b) Amp. ð2pN2Pox2oÞ is plotted against k
0
2 for diﬀerent e.
Fig. 3. (a) Amp. ðpV sP0 Þ is plotted along the time of the crack-face for diﬀerent k
0




Þ is plotted along the line of the
crack-face for diﬀerent k02 and e.
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case N2 tends to zero. This is also evident since the coupling parameter k=2ðlþ kÞ tends to zero as k! 0.
The stress-intensity factors (41) and (44) are plotted in Figs. 2(a) and (b) against k12 assuming k = el,
a = b = c,
x2
0
x2 ¼ 0:05 and cj ¼ 3l2 . It is evident from Fig. 2(a) that (i) the SIF N1 increases with the increase of
k02 and becomes maximum in the nbd. of k
0
2 ¼ 0:8 and then decreases. (ii) The SIF decreases with the increase
of the value of k i.e. with increase of coupling parameter, but the values always remains smaller than the cor-
responding values of SIF for classical elasticity (e = 0). (iii)The micropolarity of the medium reduces the value
of SIF.
The nature of N2 is similar to N1.
The displacement and micro rotation along the crack face (i.e., z = 0, jxj < 1) are obtained asðV ðsÞÞz¼0 ¼ f1ðxÞ; for jxj < 1 ð46Þ
ðW ðsÞ3 Þz¼0 ¼ x20
c
bþ c f2ðxÞ; for jxj < 1 ð47ÞAmplitude of the displacement A(V(s)) and micro-rotation component AðW ðsÞ3 Þ along crack face for incident
SH-wave ﬁeld are plotted in Figs. 3(a) and (b) for various values of k02. However in this case A(V
(s)) increases
with the increase of values of k but the value for micropolar medium is always greater than that of classical
elastic medium (e = 0). But AðW ðsÞ3 Þ decreases with the increase of the values of k.
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If we use the asymptotic expansion of Hankel function in (26) and (27) and evaluate the integrals for large
























ð48ÞHowever instead of using asymptotic expansion of H ð1Þ0 fkmjx sjg which involves inﬁnite number of terms, it







p dg ð49Þin (26) and (27). Using the method of asymptotic evaluation of the integrals (Lighthill, 1964) and the result of
Gel’fand and Shilov (1964), we evaluate the integrals [Appendix B]. We substitute the values of these integrals
in (26) and (27). Then for zero order approximation of the coeﬃcient we must have½ð1 Q2Þk2 þ Q3k3
X1
n¼0
gð1Þn ðxÞ  ðQ4k2  Q5k3Þ
X1
n¼0
gð4Þn ðxÞ ¼ P 0 ð50Þ
k2k
2


















































b2n ¼ 0 ð53Þwhich are required for vanishing of the exponential terms. Now expanding ð1 xÞ12 in series and equating the
coeﬃcients of x2n and x2n+1 (n = 0,1,2,. . .) from (50) and (51), respectively, we obtain the solutions with the
help of (53) as
G.K. Midya et al. / International Journal of Solids and Structures 44 (2007) 4092–4109 4103a0 ¼  P 0Y
2ð2 ﬃﬃﬃ2p Þlk2 þ
P 0ml
0

















































































512ð2 ﬃﬃﬃ2p Þ3 þ   
ð55Þ
l ¼ 1 Q2 þ Q3
k3
k2
;m ¼ Q4 þ Q5
k3
k2


















ð56ÞLet us now calculate szy and mzz in z = 0 for jxj > 1. We substitute the values of R1(n) and R2(n) from (25) and
(48) in (17) and (18). We change the order of integration and the integrals are evaluated by Contour integra-
tion on Complex n – plane with proper branch cuts due to branch points [Appendix C]. Then the integrals w.r.





























































































þ terms regular at x ¼ 1 ð57Þwhere Q01 ¼ Q1, Q02 ¼ Q2, Q03 ¼ Q3, Q04 ¼ ðQ4  Q5Þ, Q05 ¼ Q4, Q06 ¼ Q5.
Substituting the values of A, a0, a2, a4 and B, b0, b2, b4 and simplifying, we obtain the stress-intensity factors
as







 ¼ lþ k2 ﬃﬃﬃpp ðNc1 þ Np1Þ





































































g þ 0 1
k5=2m
 !













ðlþkÞ is plotted against k
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Þ is plotted against k02 for diﬀerent e.
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 ! ð61Þand(a) Amp. ðV sP 0
0




Þ is plotted along the distance
erent e and k02 ¼ 20.

























ð62ÞAs k! 0, we have
N 1 ¼ jNc1j where k2 is replaced by k02 given by (45),
which gives the stress-intensity factor for classical elasticity and in that case N2 tends to zero. This is also
evident since the coupling parameter k
2ðlþkÞ tends to zero as k! 0.
The stress-intensity factors (58) and (61) are plotted against k02 in Figs. 4(a) and (b) assuming k = el,
a = b = c,
x2
0
x2 ¼ 0:05, and cj ¼ 2l3 . It is evident from Fig. 4(a) that at high frequency (i) the SIF N1 decreases with
the increases of the values of k02, (ii) the SIF increases with the increase of the values of k i.e. with the increase
of the value of the coupling parameter, and (iii) the micropolarity of the medium increases the value of SIF.
The nature of N2 is similar to N1.
The displacement and micro-rotation for jxj < 1 are obtained asðV ðsÞÞz¼0 ¼ f1ðxÞ; jxj < 1 ð63Þ
ðW ðsÞÞz¼0 ¼
x20c
bþ c f2ðxÞ; jxj < 1 ð64ÞAmplitude of displacement A(V(s)) in (63) and micro-rotation components AðW ðsÞ3 Þ in (64) along the crack face
for incident SH-wave ﬁeld are plotted in Figs. 5(a) and (b) assuming k = el, a = b = c,
x2
0
x2 ¼ 0:05, and cj ¼ 2l3 for
various values of k02. It is evident from the Fig. 5(a) that the values of A (V
(s)) is greater than the corresponding
values in classical elastic medium (e = 0). But the nature of AðW ðsÞ3 Þ is not similar to A(V (s)).
4. Concluding remarks
(i) Comparing Figs. 2(a), 4(a) and 3(a), 5(a), we may conclude that the micropolarity eﬀect on the stress-
intensity factor and displacement are much more prominent in the high frequency domain.
(ii) In low frequency domain as k02 increases the SIF N1 for both elastic and micropolar elastic medium grad-
ually increases and reaches a maximum value and then gradually decays. But in high frequency domain it
diminishes with the increase of the value of k02.
(iii) The nature of the SIF N1 is similar for both classical elastic medium and micropolar elastic medium.
(iv) The micropolarity of the medium increases the value of SIF N1 in high frequency domain while it
decreases the value in low frequency domain. But micropolarity of the medium increases the value of
the displacement along the crack faces both in low and high frequency domain.
(v) The measurement of dip in Figs. 2(a) and 4(a) i.e. the diﬀerence in the result of SIF N1 may provide the
determination of material constants of the micropolar elastic medium. More precisely the diﬀerence in
value of SIF N1 for classical elasticity (e = 0) and micropolar elasticity (e5 0) will give an estimation
of the material constants of the micropolar medium.
(vi) This method of solving the problem can be extended for any angle of incidence in low frequency domain.
However it is not possible to solve this problem for any angle of incidence in high frequency domain by
this method.
Acknowledgements
We thank both the reviewers for their valuable suggestions.
G.K. Midya et al. / International Journal of Solids and Structures 44 (2007) 4092–4109 4107Appendix A. Coeﬃcients of xn in (32) and (33)
2 2 4 4 




































































































þ pa4  1
6
 
þ oðk6mÞA1 (km), A3 (km), A5 (km) contain terms involving a2n+1x














































































þ oðk6mÞB1 (km), B3 (km), B5 (km) contain terms involving b2x+1x
2n (n = 0,1,2,. . .).





Z 1 Z x Z 1 ikmðxsÞg Z 1 Z 1 ikmðsxÞg
1








g 1p fnðsÞdsdg; n ¼ 1; 2Changing the order of integration and integrating by using the method as used by Lighthill (1964) and the
result of Gel’fand and Shilov (1964), we getZ 1
1
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jx sj3=2Similarly other integrals are evaluated.
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